Energy recovery linacs have been studied and developed over a number of decades. In the standard arrangement there is a separate particle source and particle beam dump. In this paper, a new arrangement is explored where the energy recovery linac is used as an energy source in a storage ring which has multiple beam energies. Several interesting topologies for the multiple beam energies are shown schematically. Possible energy equilibria with and without radiation damping are discussed. This idea may have applications to the problem of electron cooling.
and accelerating energy recovery linacs are added as shown. To understand the simplest case, it is assumed that the transit time through each ½ loop above and below the linacs are the same. Starting from the lowest beam energy (loop 1) the attached first linac is phased to a certain accelerating voltage and synchronous phase, s  . The beam traverses one half of loop 2 and arrives at linac 2. This linac could be phased to the same synchronous phase. Passing up through each succeeding ½ loop, phase each energy recovery linac to whatever voltage it produces, but at the same total synchronous phase. The highest energy loop introduces a 180 degree phase shift so on the second pass through linac 1 n  , perfect energy recovery occurs with the RF phase being at s   . Because the transit time is equal on each side of the loop, as the particles encounter each linac on the way down in energy, the voltage phase is still s   . This statement extends to the second pass through the first linac. The phasor describing the total RF voltage the particle sees after one circuit is given in Figure 2 . After the total circuit the energy is back to where the particle started when synchrotron radiation is neglected.
Suppose now one of the linacs is phased to a different synchronous phase than the rest as in Figure 3 . Because the highest energy loop introduces a common  phase shift to all the linac voltages on second pass, including the one offset from the rest, it is still true that the resultant voltage of adding all accelerating and decelerating passes through the energy recovery linacs is zero. Thus one concludes that each of the energy recovery linacs can be phased to any voltage and any synchronous phase (even decelerating ones) and still have energy balance between the net accelerating and decelerating passes. Similarly, suppose the two halves of the loop at a given energy do not have the same transit time. Such a difference might lead to an offset of all the higher energy passes as seen in Figure 4 , and a different resultant voltage. However, when the overall loop path length is still an integer, a shorter transit time through one half loop will be compensated by a longer transit time in the other half loop. The summed energy still balances, and can be corrected by an overall phase shift in the downstream linacs as above. 
This first topology provides a link between its lowest energy loop and its highest energy loop. However, the length of linac needed to go between these two energies is simply given by the energy difference divided by the linac average gradient, the same linac length needed in a simple two-energy ring. Referring to Figure 1 , to reduce the length of linac needed to achieve a given energy difference, it would be highly beneficial to reuse the energy recovery linac structure as much as possible. A topology that accomplishes this goal is shown in Figure 5 . As before, the lowest energy and the highest energy loops, which are transited only once in each acceleration/deceleration cycle, have an integer plus a half RF wavelengths. In the simplest rendering, intermediate energy beamlines need to be designed with a length of an integer number of RF wavelengths. All the intermediate energy beamlines will be transited twice each acceleration/deceleration cycle, once on the accelerating passes and once on the decelerating passes. There is much less flexibility in parameter choices. In particular, if one would like to vary the RF phases of the different beam passes by varying the length in the arcs, only those phase combinations having
where m is an integer, are allowed. A similar idea can be applied in "dog-bone" recirculation lattices where the accelerating and decelerating beam passes through the linacs in opposite directions [1, 8, 9] . As shown in Figure 6 For cooling applications, it is very inconvenient that the lowest energy loop is on the inside of the accelerator in the second topology. Certainly, one can solve this problem by bending the low-energy loop out of the accelerator main plane to introduce the electrons into the ions. Maybe better, for those used to the CEBAF linacs, is the solution in Figure 7 for the 5-energy case. Here ,, l m n are integers. Add as many integer passes as desired. One half integer differences must appear on the highest energy arc and the lowest energy arc. By extension in the obvious way, this idea can be used to make a storage ring of any polytron accelerator arrangement [10] . These ideas may be tested at existing accelerators. For example, the second topology has great resemblance to the MAMI racetrack microtrons [11] . One of the microtrons could be made into a multiple energy storage ring by including ½ wavelength chicanes in their highest and lowest energy recirculation loops, and by providing for beam injection using the lower energy racetrack microtron. Similarly, CBETA [12] could be made into a multiple energy ring. Jefferson Lab has plans to perform a multipass energy recovery experiment by adding a ½ wavelength chicane in the highest energy arc [13] . Once this modification is performed, a multiple energy storage ring is easily made by adding a ½ wavelength chicane in its lowest energy ARC, and by adding needed beam injection components. Not surprisingly, close variants of these basic topologies have been studied in reference to ERL-driven light sources [14] [15] [16] [17] [18] .
Equilibria with Synchrotron Radiation
Up to this point the effect of synchrotron radiation has not been corrected. The energies after each stage of acceleration and deceleration are equal in the geometries considered. When the effects of synchrotron radiation are included, this situation is no longer true. Two methods may be used to couple net energy into the beam to compensate for synchrotron radiation. The conceptually simplest method is to add a non-recovered RF cavity into either the lowest energy loop or highest energy loop, either of which support only single beam passes. An (over)voltage is placed on the cavity beyond the energy loss per turn. As in a single energy storage ring the beam phase will adjust so that One might worry that the net beam phase, being negative, is wrong for synchrotron oscillation stability. In another paper we have analyzed this problem and shown that synchrotron stability is in fact dominated by the effects of the energy recovery linacs [19] . As long as the linac phases are synchrotron stable, there will be significant synchrotron stability and a very large longitudinal acceptance in the overall accelerator system [20] .
Summary
In this paper it is shown that the idea of a two-energy storage ring can be extended to a multiple-energy storage ring by adding intermediate energy loops that have fixed recirculation path length. Several different possible topologies yielding multiple beam energies have been presented. Stability against synchrotron emission can be assured by either addition of an RF cavity in the non-recovered beam lines in the accelerator or by shifting the decelerating phase away from the accelerating phase by appropriate path length adjustments in the highest energy loop and lowest energy loop.
